Let f be a germ of holomorphic self-map of C 2 at the origin O tangent to the identity, and with O as a non-dicritical isolated fixed point. A parabolic curve for f is a holomorphic f -invariant curve, with O on the boundary, attracted by O under the action of f . It has been shown in [2] that if the characteristic direction [v] ∈ P(T O C 2 ) has residual index not belonging to Q + , then there exist parabolic curves for f tangent to [v]. In this paper we prove, with a different method, that the conclusion still holds just assuming that the residual index is not vanishing (at least when f is regular along [v]).
INTRODUCTION
One of the most interesting areas in the study of local dynamics in several complex variables is the dynamics near the origin O of maps tangent to the identity, that is of germs of holomorphic self-maps f : C n → C n such that f (O) = O and df O = id. When n = 1 the dynamics is described by the celebrated Leau-Fatou flower theorem; when n > 1 we are still far from understanding the complete picture, even though very important results have been obtained in recent years (see, e.g., [7] , [13] , [9] , [2] ).
In this paper we want to investigate conditions ensuring the existence of parabolic curves (the 2-variables analogue of the petals in the Leau-Fatou flower theorem) for maps tangent to the identity in dimension 2. Let us first recall some definitions and useful results concerning maps tangent to the identity. Let f be a germ of holomorphic self-map of C 2 fixing the origin and tangent to the identity; we can write f = (f 1 , f 2 ), and let f j = z j + P j,ν j + P j,ν j +1 + · · · be the homogeneous expansion of f j in series of homogeneous polynomials, where deg P j,k = k (or P j,k ≡ 0) and P j,ν j ≡ 0. The order ν(f ) of f is defined by ν(f ) = min{ν 1 , ν 2 }. We say that the the origin is dicritical if we have z 2 P 1,ν(f ) (z 1 , z 2 ) ≡ z 1 P 2,ν(f ) (z 1 , z 2 ).
A parabolic curve for f at the origin is an injective holomorphic map ϕ : ∆ → C 2 satisfying the following properties:
(i) ∆ is a simply connected domain in C, with 0 ∈ ∂∆;
(ii) ϕ is continuous at the origin, and ϕ(0) = O; (iii) ϕ(∆) is invariant under f , and (f | ϕ(∆) ) n → O as n → ∞. Furthermore, if [ϕ(ζ)] → [v] ∈ P 1 as ζ → 0, where [·] denotes the canonical projection of C 2 \ {O} onto P 1 , we say that ϕ is tangent to [v] at the origin. 1 A characteristic direction for f is a point [v] = [v 1 : v 2 ] ∈ P 1 such that there is λ ∈ C so that P j,ν(f ) (v 1 , v 2 ) = λv j for j = 1, 2. If λ = 0, we say that [v] is nondegenerate; otherwise, it is degenerate. Characteristic directions arise naturally if we want to investigate the existence of parabolic curves tangent to some direction [v] . In fact, Hakim observed that if there exist parabolic curves tangent to a direction [v] then this direction is necessarily characteristic ( [9] ). However, Hakim was able to prove the converse for nondegenerate characteristic directions only: Theorem 1.1 (Écalle, [7] ; Hakim, [9] , [10] ). Let f be a (germ of) holomorphic self-map of C 2 fixing the origin and tangent to the identity. Then for every nondegenerate characteristic direction [v] of f there are ν(f ) − 1 parabolic curves tangent to [v] at the origin.
When f has no nondegenerate characteristic directions, this theorem gives no information about the dynamics of f . Furthermore, there are examples of parabolic curves tangent to degenerate characteristic directions. Example 1.2. Let us consider the germ f given by
We observe that [1 : 0] is a degenerate characteristic direction. The line {w = 0} is f -invariant, and inside it f acts as the function z − z 3 + O(z 4 ). The classical Leau-Fatou theory then shows that there exist 2 parabolic curves for f tangent to [1 : 0] at the origin.
A further step toward the understanding of the dynamics in an neighbourhood of an isolated fixed point has been done by Abate, who gave a complete generalization of the Leau-Fatou flower theorem in C 2 : Theorem 1.3 (Abate, [2] ). Let f be a (germ of) holomorphic self-map of C 2 tangent to the identity and such that the origin is an isolated fixed point. Then there exist (at least) ν(f ) − 1 parabolic curves for f at the origin.
The proof of this theorem is based on the possibility of modifying the geometry of the ambient space via a finite number of blow-ups, and of defining a residual index Ind(f, S, p) ∈ C, wheref is a holomorphic self-map of a complex 2-manifold M which is the identity on a 1-dimensional submanifold S, and p ∈ S. It turns out that this index is either not defined anywhere on S, in which case we say thatf is degenerate along S (or non-tangential to S in the terminology of [3] , where it is described a far-reaching approach to indices for holomorphic self-maps), or it is everywhere defined, and then we say thatf is nondegenerate along S (respectively, tangential to S).
In particular, Abate gave a generalization of Theorem 1.1 to those characteristic directions whose residual index is not a non-negative rational number. Theorem 1.4 (Abate, [2] ). Let f be a (germ of) holomorphic self-map of C 2 tangent to the identity and such that the origin is an isolated fixed point. Let [v] be a characteristic direction of f such that Ind(f, P 1 , [v]) / ∈ Q + (here P 1 is the exceptional divisor of the blow-up of the origin, andf is the blow-up of f ). Then there are (at least) ν(f ) − 1 parabolic curves for f tangent to [v] at the origin.
The theory about the existence of parabolic curves tangent to a direction [v], for maps tangent to the identity, is thus almost complete, but there are still examples where the previous results cannot be applied. Example 1.5. Let us consider the map f given by
Hence, we cannot say anything about the dynamics of f in the direction [1 : 0] using Theorem 1.1 or Theorem 1.4.
As a corollary of our work (see Corollary 1.7) we shall be able to prove the existence of parabolic curves tangent to [1 : 0] also for this example (and many others). This will be a consequence of a more general result; to state it precisely we need to recall another set of definitions.
Any germ g of holomorphic function defined in a neighbourhood of the origin O has a homogeneous expansion as an infinite sum of homogeneous polynomials, g = P 0 + P 1 + · · · , with deg P j = j (or P j ≡ 0); the least j ≥ 0 such that P j is not identically zero is the order ν(g) of g. Let f be a germ of holomorphic self-map of C 2 fixing the origin and tangent to the identity. We can write f 1 = z + g and f 2 = w + h. Set l = gcd(g, h), and write g = lg o and h = lh o . The pure order of f at the origin is ν o (f, O) = min{ν(g o ), ν(h o )}. We say that the origin is a singular point for f if ν o (f, O) ≥ 1. If Fix(f ) has (at least) two (local) components intersecting at the origin, we say that the origin is a corner.
More generally, let S be a subset of a complex 2-manifold M; we shall denote by End(M, S) the set of germs about S of holomorphic self-maps of M sending S into itself. Let f ∈ End(M, S) be such that f | S = id S , where S is a 1-dimensional submanifold of M, and assume that df acts as the identity on the normal bundle of S in M. Then we can extend the definitions of pure order, corner, singular point, and dicritical point to any p ∈ S, simply by choosing a chart of M centered at p and considering the local expression of f .
Our main theorem can now be stated as follows: An important application of this result is the following. Starting from a map f ∈ End(C 2 , O) tangent to the identity and blowing up the origin, we obtain anf ∈ End(M, S), where S ∼ = P 1 is the exceptional divisor of the blow-up. It turns out thatf | S = id S , and that df acts as the identity on the normal bundle of S in M. Furthermore, if the origin is an isolated fixed point of f , then no point p ∈ S is a corner, andf is tangential to S if and only if the origin is nondicritical for f . If the origin is dicritical for f , then all directions are characteristic, and there are parabolic curves tangent to all but a finite number of them; so we concentrate on the nondicritical case. Every nondegenerate characteristic direction of f is a singular point forf , and every singular point off is a characteristic direction of f . Moreover, if p ∈ S is not singular then no infinite orbit can get arbitrarily close to p (in particular, no infinite orbit can converge to p, and thus there can be no parabolic curves at p); therefore, from a dynamical point of view only singular points are interesting (for the proof of all these assertions see [2] ).
Finally, we shall say that f is regular along the characteristic direction [v] ∈ P 1 if the pure order off at [v] is one. This is just a technical condition almost always satisfied (for instance, it is satisfied by the map in Example 1.5). Here is the promised Corollary 1.7. Let f ∈ End(C 2 , O) be tangent to the identity with the origin as a non-dicritical isolated fixed point. Let [v] ∈ P 1 be a characteristic direction of f and assume f is regular along [v] with Ind(f , P 1 , [v]) = 0 (here we identify P 1 with the exceptional divisor of the blowup of the origin, andf is the blow-up of f ). Then there exist parabolic curves for f tangent to
[v] at the origin.
BLOW-UP
Since blow-ups will be a fundamental tool in our study we recall some basic definitions, referring to [1] It is possible to endowM with a structure of 2-dimensional complex manifold. Fix a chart
and let χ j : U j → C 2 be given by
Then the charts (U j , χ j ), together with an atlas of M \ {p}, endowM with a structure of 2dimensional complex manifold such that the projection π is holomorphic everywhere and given by
RESIDUAL INDEX
Let us fix notations and definitions that we use in the paper. O 2 denotes the ring of germs of holomorphic functions defined in a neighbourhood of the origin
be such that f | S = id S and assume that df acts as the identity on the normal bundle of S in M. Then in an adapted chart (U, ϕ) centered at p ∈ S we can write
, and where z does not divide eitherĝ orĥ. After having introduced the (locally defined) meromorphic function
This definition is well posed (i.e., does not depend on the adapted chart chosen); furthermore he defined the residual index of f at p along S by setting Ind(f, S, p) = Res 0 (k(w)); again, it is independent of the adapted chart chosen, and we observe that it might be nonzero at singular points of f only. See [2] and [3] (in particular the latter) for a more thorough and deeper discussion of residual indices and related topics.
DYNAMICS
In this section we give the proof of Theorem 1.6 and Corollary 1.7. First, we introduce some definitions. Let us consider f ∈ End(C 2 , O) tangent to the identity, and [v] ∈ P 1 a characteristic direction for f .
Generally, the converse is not true.
We observe that [v] = [1 : 0] is a characteristic direction for f if and only if b 2,0 = 0. In this case, f is regular along
We can finally start working. Let S be a 1-dimensional submanifold of a complex 2-manifold M, and let f be a germ about S of holomorphic self-map of M such that f | S = id S . Assume that df acts as the identity on the normal bundle of S in M, and assume that f is tangential to S. Let p ∈ S be a non corner and a singular point, with ν o (f, p) = 1 and Ind(f, S, p) = 0. We want to prove that there exist parabolic curves for f in p. We work in a chart adapted to S and centered at p. Then we can write
be the homogeneous expansions of A 0 and B 1 in series of homogeneous polynomials. Since gcd(A 1 , B 1 ) = 1, z does not divide B 1 (z, w); thus we have b 0,j = 0, for some j ≥ 1. An easy calculation shows that
Set m := min{h ∈ N : a 0,h = 0}, n := min{j ∈ N : b 0,j = 0}. We observe that it must be m < n because otherwise, by (4.2), Ind(f, S, p) = 0.
Let us dispose of the easier cases first. Then there exist (at least) r + m(r + 1) parabolic curves for f at the origin.
which is satisfied by w = b 1,0 a 0,0 −b 0,1 and with a 0,0 = 0. Hence, we have r parabolic curves for f tangent to [v] at the origin (cf. [9] , [10] ).
Assume now Ind(f, S, p) = 1. We can write (4.1) as
with a 0,0 = 0. Setting Z = αz, where α r = −a 0,0 , we reduce to
The existence of r parabolic curves at the origin for a map of this form is then a consequence of the results of [9] , adapted as in [10] if r > 1. We observe that these curves are tangent to
Let n > 1, and assume m < n − 1, or otherwise m = n − 1 and Ind(f, S, p) = n.
If m = 0, f has a nondegenerate characteristic direction. Indeed, the system defining characteristic directions becomes a 0,0 = λ, b 1,0 = λw, with λ = 0. Then, again from [9] and [10] , we have the existence of r parabolic curves for f tangent to [1 : b 1,0 /a 0,0 ] at the origin.
If m ≥ 1 we know that
Let us consider the linear chain starting in p ∈ S as defined in [5] . It is a finite sequence of projective lines intersecting each other transversally and at most in one point, obtained by a finite sequence of blow-ups reducing corners to simpler singular points. Finiteness, as the possibility to obtain corners in a simpler form, is assured by the reduction theorem [2] . For our purposes it is sufficient to consider only a part of this linear chain. Blowing-up f in p, let us denote byf [1] its blow-up, by S 1 the exceptional divisor, and by τ (p) the intersection point between S 1 andS, the proper transform of S.
Notations. To avoid heavy notation, at any step of this construction, we will continue to denote by S the proper transformS.
The second step consists in blowing-upf [1] in τ (p) and denoting byf [2] its blow-up, by S 2 the exceptional divisor, and by τ (τ (p)) = τ 2 (p) the intersection point between S 2 and S. For k ≤ m, iterating this process, we can definef [k] as the blow-up off [k−1] in τ k−1 (p), S k the exceptional divisor and τ k (p) the intersection point between S k and S. We observe that this point is strictly related to the order of the chain, as defined in [5] . By induction, it is easy to check that, in a chart centered at τ k (p), we have
. We remark that z 0 = 0. We claim that [z 0 : 1] is a nondegenerate characteristic direction forf [m] . Indeed, there exists λ ∈ C \ {0} such that
an easy computation shows that it suffices to choose . We can say much more: in fact [z 0 : 1] coincides with τ n (p), and it is an irreducible singular point of type (⋆ 2 ) forf [n] , and thus the order of the linear chain, starting at p, is exactly n (see [2] and [5] for the terminology). Therefore we cannot expect anything from the previous construction, because it ends at such a point.
Let us now deal with the hardest case. We shall prove the following: First, we need another set of results.
Assume then n ≥ 2, m = n − 1 and Ind(f, S, p) = a 0,n−1 b 0,n = n. We can write (4.1) as follows:
with r ∈ N * and b 1,0 = 0, because ν o (f, p) = 1. (1) if n = 2:
for some a = 0; (2) if n ≥ 3:
for some a = 0.
Furthermore, in both casesf 1 ,f 2 and ψ 1 (z) are analytic in z, (log z) 1 n and w, with ψ 1 of the form 
If n = 2, let us consider the following change of variables with a 2 = (αb 0,2 ) −1 b 1,0 . Then (4.9) assumes the following form
Since a 0,1 = 2b 0,2 , if we choose (α, a) as solution of
we obtain (4.6). It is not difficult to check that changes of variables of type (4.8) and (4.10) generate inf 2 (u, 0) terms of the types
then we can writê with a such that a n = (αb 0,n ) −1 b 1,0 , then (4.9) becomes
= u + (n − 1)α −r a n−2 a 0,n−1 u r+1+ n−2 n v(log u) n−2 n + α −r a n−1 a 0,n−1 u r+1+ n−1 n (log u)
Since a 0,n−1 = nb 0,n , choosing (α, a) as solution of a n = (αb 0,n ) −1 b 1,0 , −1 = a n−1 a 0,n−1 α −r , we obtain (4.7). As before, analyzing pure terms inf 2 (u, 0) we havê Remark 4.8. In particular, for any j ≥ 1 we can write R 1 j (t) in the following form
for suitable c 1 j,k ∈ C and with P 1
We shall say that R 1 j satisfies the star property. Proof. In both cases we know that
where R 1 j (t) are analytic functions on the image, under the transformation t = (log z) 1 n of a suitable simply connected open set with z = 0 on its boundary.
We prove the proposition by induction on h. Let h = 0. If we define w 1 (z) := z 2 n Q 0 (log z) 1 n , with Q 0 (t) a solution of the differential equation
we havef
and where R 2 j (t) are analytic functions on the image, under the transformation t = (log z) 1 n , of our simply connected open set with z = 0 on its boundary. Then (4.11) is satisfied for h = 0. We remark that Q 0 , solution of (4.12), exists and is analytic because the differential equation is linear and in normal form; furthermore, once the initial condition has been fixed, the solution exists and is unique in a simply connected open set (see [8] or [12] ). In particular, it is easy to check that there exists a solution of the following form
for suitable c 2 1,k ∈ C and with P 2
For h > 0, one sees by induction that if (4.11) is satisfied by w h , (4.11) is then satisfied by w h+1 (z) = w h (z) + z h+2 n Q h (log z) 1 n for a function Q h , if and only if Q h is a solution of the differential equation
A solution Q h exists and is analytic because the differential equation is linear and in normal form.
Remark 4.11. We observe that if R h 1 satisfies the star property, then choosing Q h−1 with the same property, also R h+1 1 satisfies it, and so on for any h ≥ 1. We claim that for any h ≥ 0 we can choose a solution Q h of the differential equation (4.13) satisfying the star property. We proceed by induction on h. It is easy to check that it is true for h = 0. Let h ≥ 1. By the inductive hypothesis we can suppose that R h+1 1 (t) takes the following form R h+1
for suitable c h+1 1,k ∈ C and with P h+1
We look for Q h solution of the differential equation (4.13) of the following form 
for some i ≥ 1, wheref 1 ,f 2 and ψ h+2 (Z) are analytic in Z, (log Z) 1 2 , and W , with Z belonging to a simply connected open set with Z = 0 on the boundary;
(2) if n ≥ 3:
for some i ≥ 1, wheref 1 ,f 2 and ψ h+2 (Z) are analytic in Z, (log Z) Proof. Let w h+1 be given by Proposition 4.9. One has just to take as new coordinates
We remark that i = max{1, I/n}, where I is the maximum power of t appearing in Q 0 (t),
We can, by Corollary 4.12, choose local coordinates defined in a simply connected open set with O on the boundary, such that for every h ∈ N, the mapf is written as in (4.14) if n = 2 or (4.15) if n ≥ 3. Let us consider h = 2n − 3; for our purposes it will be enough. Now set D r+ n−1 n ,δ := z ∈ C | |z r+ n−1 n (log z) n−1 n − δ| < δ for some δ > 0. This set has (r + 1) connected (and simply connected) components, all of them with the origin on the boundary. On these components we will define the functions w h . Let us fix some notation. Put
for all ζ ∈ D r+ n−1 n ,δ . Then the restriction of ϕ(ζ) := (ζ, w(ζ)) to any component of D r+ n−1 n ,δ is a parabolic curve forf . So we must find a solution of (4.16). The function w will be obtained as fixed point of a functional operator T , which acts as a contraction on a suitable closed convex subset of E β n (δ) and which we are going to describe.
Suppose z, z 1 belong to the same connected component of D r+ n−1 n ,δ and define
A direct computation shows that:
(1) if n = 2 In the remainder of this section, we shall prove that T restricted to a suitable closed convex
Since log | log ζ| ≤ | log |ζ||, for ζ sufficiently close to 0, the last inequality becomes r| log |z k || ≤ log 2 3
|z| r+ Hence, there are constants K 1 , K s,q and K 1 s,q such that The last integral converges if and only if s > r + n−1 n and it gives us a contribute of type K 2 s,q | log z| q , for some constant K 2 s,q .
Let us now study more carefully the operator T . First we observe that T w ∈ E |J| n (δ), for all w ∈ E |J| n (δ); in fact from (4.17), or equivalently (4.18), and Corollary 4.16 we get the following estimate |T w(z)| ≤ C n,J |z| 2 | log |z|| |J|− n−1 n < |z| 2 | log |z|| |J| .
In particular T sends the unit ball of E |J| n (δ) into itself. We will be able to prove more than this: T sends into itself the convex closed set F |J| n (δ) = w ∈ E |J| n (δ) | |w(z)| ≤ |z| 2 | log |z|| |J| , |w ′ (z)| ≤ |z|| log |z|| |J| .
Then it will be enough to show that T is a contraction on F |J| n (δ). But first we need another set of results. Since n ≥ 2, we observe that D r+ n−1 n ,δ has (r + 1) connected (and simply connected) components having O on their boundary. Hence, iff is defined by (4.6) or (4.7), we obtain r + 1 parabolic curves forf at the origin. So by Remark 4.13 we get r + 1 parabolic curve for f at the origin.
This completes the proof of Theorem 4.6, and hence of our main result, Theorem 1.6.
